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ABSTRACT 
Th i s  paper  d e s c r i b e s  a t h e o r e t i c a l  and expe r imen ta l  s t u d y  
of c l o s e l y  spaced open-ended waveguides r a d i a t i n g  through a 
conduct ing ground p l a n e .  The waveguides are l a r g e  enough i n  
some cases t o  a l low t w o  o r t h o g o n a l l y  p o l a r i z e d  propagat ing  modes 
i n  each waveguide. 
A f i r s t - o r d e r  a n a l y s i s  i s  p r e s e n t e d  which i s  based upon 
t h e  method of moments and u s e s  a single-mode approximation t o  
t h e  a p e r t u r e  f i e l d  f o r  each p o l a r i z a t i o n .  An improved f i r s t -  
o r d e r  a n a l y s i s  i s  a l s o  p r e s e n t e d  which u s e s  a h ighe r  o r d e r  
mode s o l u t i o n  f o r  t h e  s e l f  admi t t ances .  Close agreement wi th  
experiment  i s  demonstrated.  
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SUMMARY 
T h i s  r e p o r t  d e s c r i b e s  a t h e o r e t i c a l  and expe r imen ta l  s t u d y  
of c l o s e l y  spaced open-ended waveguides r a d i a t i n g  through a 
conduct ing  ground p l a n e .  The waveguides are l a r g e  enough i n  
s o m e  cases t o  a l l o w  t w o  o r thogona l ly  p o l a r i z e d  p ropaga t ing  modes 
i n  each waveguide. 
A f i r s t - o r d e r  a n a l y s i s  i s  p r e s e n t e d  which i s  based upon t h e  
method of  m o m e n t s  and uses  a single-mode approximation t o  t h e  
a p e r t u r e  f i e l d  f o r  each  p o l a r i z a t i o n .  An improved f i r s t - o r d e r  
a n a l y s i s  i s  a l so  p r e s e n t e d  which uses  a h i g h e r  o r d e r  mode so lu -  
t i o n  f o r  t h e  s e l f  admi t t ances .  Close agreement w i t h  experiment  
i s  demonstrated.  
INTRODUCTION 
The r e a l i z a t i o n  of l a r g e - s c a l e  microwave phased a r r a y s  has  
focussed  n e w  i n t e r e s t  on t h e  problems of  mutual  coupl ing  between 
r a d i a t i n g  a p e r t u r e s .  A p rev ious  survey of developments i n  t h i s  
f i e l d  has  been inc luded  i n  an ea r l i e r  paper  ( r e f s .  1 and 2 ) .  
There are two d i s t i n c t  approaches t o  phased a r r a y  problems. 
Work on i n f i n i t e  a r r a y s  of waveguides has  p rogres sed  r a p i d l y  t o  
a p o i n t  a t  which s e v e r a l  a u t h o r s  ( r e f s .  3 ,  4 ,  5 ,  and 6 )  have used 
h i g h e r  o r d e r  mode r e p r e s e n t a t i o n s  of t h e  a p e r t u r e  f i e l d  and have 
ob ta ined  s o l u t i o n s  t h a t  are capable  of e x p l a i n i n g  c e r t a i n  anoma- 
lous  behav io r  ( r e s u l t i n g  i n  deep n u l l s  i n  t h e  r a d i a t i o n  p a t t e r n  
as t h e  a r r a y  i s  scanned) .  F a r r e l l  and Kuhn ( r e f s .  3 and 4 )  p o i n t  
o u t  t h a t  t h i s  behav io r  cannot  be p r e d i c t e d  u s i n g  a single-mode 
s o l u t i o n .  The second approach t o  t h e  a r r a y  problem assumes t h e  
p o i n t  of v i e w  t h a t  each t e r m i n a l  p a i r  l e a d i n g  t o  an an tenna  ele- 
ment i s  a s i n g l e  p o r t  and i s  coupled t o  every  o t h e r  p o r t  i n  t h e  
a r r a y  by means of t h e  mutual  admi t tances  o r  t h e  a r r a y  s c a t t e r i n g  
m a t r i x .  S i n c e  t h e  c o n t r o l l i n g  i n t e g r a l  e q u a t i o n s  are l i n e a r ,  
t h i s  approach can be  made comple te ly  r i g o r o u s  i f  t h e  mutual cou- 
p l i n g  t e r m s  o r  s c a t t e r i n g  c o e f f i c i e n t s  are e v a l u a t e d  i n  t h e  
p re sence  of t h e  whole a r r a y ,  and i f  t h e  computation i n c l u d e s  a l l  
of t h e  h i g h e r  o r d e r  modes. A s o l u t i o n  f o r  t h e  coupl ing  between 
t w o  c o l l i n e a r  coupled s lo t s  h a s  r e c e n t l y  been pub l i shed  which 
does account  f o r  a l a r g e  number of modes ( r e f .  1). There i s  
s t r o n g  j u s t i f i c a t i o n ,  however, t o  seek  s imple r  y e t  a c c u r a t e  
mutual  coup l ing  formulas  f o r  a p e r t u r e  an tennas ,  s i n c e  t h i s  method 
can be  used d i r e c t l y  f o r  s m a l l  a r r a y s  o r  f o r  edge effects i n  
l a r g e  a r r a y s ;  can be r e a d i l y  compared w i t h  exper iment ,  and can 
be used t o  s tudy  i n f i n i t e  a r r a y s  d i r e c t l y  o r  a f t e r  t r ans fo rma t ion  
u s i n g  t h e  Poisson  summation formula ( ref .  7 ) .  An example of t h e  
use  of t h i s  t y p e  of a n a l y s i s  t o  s t u d y  t h e  performance of l a r g e  
scanned phased a r r a y s  i s  inc luded  i n  r e f e r e n c e  8 .  
The number of modes r e q u i r e d  t o  a t t a i n  a s p e c i f i e d  accuracy  
o r  t o  d e s c r i b e  a p a r t i c u l a r  phenomenon i s  s t r o n g l y  dependent on 
t h e  fo rmula t ion  of t h e  problem. T h i s  s t a t e m e n t  i s  best suppor ted  
by t h e  well-known v a r i a t i o n a l  fo rmula t ion  r e s u l t s  ( r e f s .  9 and 10) 
fo r  t h e  r e c t a n g u l a r  waveguide. These one-mode r e s u l t s  are f a r  
m o r e  a c c u r a t e  t h a n  t h e  one-mode s o l u t i o n  t o  t h e  i n t e g r a t e d  form 
of Lewin's basic  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n  ( r e f .  2 ) .  
Another i n t e r e s t i n g  p o i n t  raised by t h e  work of F a r r e l l  
and Kuhn, and a p a r t i c u l a r l y  r e l e v a n t  one t o  t h e  development of 
r e a l i s t i c  mutual coupl ing  formulas ,  i s  t h e  e x i s t e n c e  of c ros s -  
p o l a r i z e d  modes a t  t h e  a r r a y  f a c e .  These f i e l d s  are always 
p r e s e n t  f o r  a r r a y s  of waveguides wi th  f i n i t e  w a l l s ,  b u t  i f  t h e  
waveguides can suppor t  t w o  propagat ing  o r t h o g o n a l l y  p o l a r i z e d  
modes, t hen  l a r g e  c r o s s - p o l a r i z e d  s i g n a l s  are r e f l e c t e d  back i n t o  
each waveguide a t  c e r t a i n  d i r e c t i o n s  of  s can  even though t h e  
a r r a y  w a s  d r i v e n  w i t h  on ly  one p o l a r i z a t i o n .  I n  a related devel- 
opment, Amitay e t  a l .  ( r e f .  11) have r e c e n t l y  developed a match 
o p t i m i z a t i o n  procedure f o r  f i n i t e  phased a r r a y s  which r e q u i r e s  
a knowledge of t h e  in t e r - e l emen t  coup l ing  c o e f f i c i e n t s  f o r  bo th  
p o l a r i z a t i o n s .  The a u t h o r s  compared t h e i r  t h e o r e t i c a l  work wi th  
an exper iment ,  and used measured v a l u e s  of t h e  coup l ing  c o e f f i -  
c i e n t s  t o  perform t h e  o p t i m i z a t i o n .  
T h i s  paper  p r e s e n t s  a s tudy  of mutual coupl ing  between two 
waveguides which r a d i a t e  through a common ground p lane .  The wave- 
guide  w a l l s  are p a r a l l e l  t o  one a n o t h e r ,  b u t  t h e  r e l a t i v e  wave- 
guide  p o s i t i o n  and o r i e n t a t i o n  are a r b i t r a r y .  B o t h  components of 
p o l a r i z a t i o n  are cons ide red  i n  t h e  coup l ing  formulas ,  and t h e  end 
r e s u l t  i s  a s o l u t i o n  f o r  t h e  s c a t t e r i n g  m a t r i x  o f  t h e  f o u r - p o r t  
network. The r e s u l t s  are compared wi th  exper iments  and wi th  
t h o s e  of  a more a c c u r a t e  theo ry  i n  t h e  s p e c i a l  case of  c o l l i n e a r  
s l o t  coup l ing .  
F I RST -0RDE R S O L U T I O N S  
I N C L U D I N G  TWO ORTHOGONAL POLARIZATIONS 
I n  t h i s  s i m p l i f i e d  fo rmula t ion  each of t w o  or thogonal  p o l a r i -  
z a t i o n s  i s  r e p r e s e n t e d  by a s i n g l e  mode w i t h i n  each waveguide. 
The waveguide o r i e n t a t i o n  i s  shown i n  F i g u r e  1. The f i e l d s  i n  
free space  are r e p r e s e n t e d  by t h e  f r ee - space  dyad ic  Green ' s  
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F i g u r e  1.- Coupled waveguide geometry 
f u n c t i o n ,  and t h e  f i e l d s  i n  each waveguide are  r e p r e s e n t e d  by 
t h e  t r a n s v e r s e  f i e l d  ( r e f .  1 2 )  expansion.  D e t a i l s  a r e  g iven  i n  
Appendix I .  Equat ing  t h e  t a n g e n t i a l  magnet ic  f i e l d s  i n  t h e  
a p e r t u r e s  g i v e s  t h e  r e s u l t i n g  se t  of i n t e q r a l  e q u a t i o n s  ( r e f .  7 ,  
p .  1 0 0 ;  r e f .  1 3 ,  p. 1 7 7 ) .  A t  waveguide N o .  1: 
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A t  waveguide N o .  2 :  
and 
r =  ) / (X2+Dx - x ~ ) ~  1 + (y2+ D , - Y ~ ) '  12 
r =  - XJ2  + ( Y i +  D y -  Y1) 2 2 1  
'22 - d + (Y2-Y; )2  
I n  t h e s e  e q u a t i o n s ,  t h e  f i e l d  s u b s c r i p t s  1 and 2 r e f e r  t o  t h e  
normal ( H 1 0 )  and o r thogona l  ( H 0 1 )  p o l a r i z a t i o n s  i n  waveguide 
N o .  1, and t h e  s u b s c r i p t s  3 and 4 r e f e r  t o  t h e  normal and or thog-  
o n a l  p o l a r i z a t i o n s  i n  waveguide N o .  2 .  The p o s i t i o n  s u b s c r i p t s  
x and yp a r e  i n d i c a t e d  i n  F igu re  1. The i n t e g r a l s  ove r  S are 
t g e r e f o r e  i n t e g r a l s  ove r  a p e r t u r e s  1 and 2 .  P 
There are a number of ways of proceeding  t o  a s o l u t i o n  com- 
mencing wi th  E q s .  (1) and ( 2 ) .  Levis ( ref .  10) m u l t i p l i e d  these 
equa t ions  i n  scalar f a s h i o n  by t h e  a p e r t u r e  e lec t r ic  f i e l d  and 
w a s  a b l e  t o  show t h a t  t h e  v a r i a t i o n a l  form which he ob ta ined  l e d  
t o  admi t tance  parameters  which are s t a t i o n a r y  wi th  r e s p e c t  t o  
t h e  v a r i a t i o n s  i n  t h e  assumed f i e l d s .  Lyon e t  a l . ,  ( r e f .  13) 
s c a l a r l y  m u l t i p l i e d  t h e s e  e q u a t i o n s  by ( z  x h i )  f o r  each Ei p r e s e n t  
on t h e  l e f t  s i d e  of Eqs. (1) and ( 2 ) .  The r e s u l t i n g  e q u a t i o n s  
are e x a c t ,  b u t  t h e  s o l u t i o n  w a s  c a r r i e d  o u t  by assuming t h a t  o n l y  
4 
' one  mode w a s  p r e s e n t  i n  t h e  waveguide a p e r t u r e  and t h a t  t h e  
waveguide-backed ground-plane s l o t  had a t o t a l  magnetic f i e l d  
e q u a l  t o  t h e  i n c i d e n t  magnet ic  f i e l d  (as  i s  t h e  case f o r  scatter-  
i n g  by a hole  i n  an i n f i n i t e  s c r e e n ) .  I t  can be shown t h a t  i f  
t h e  s o l u t i o n  w e r e  c a r r i e d  o u t  r i g o r o u s l y ,  t h e  va lue  I2/V1 com-  
pu ted  us ing  t h i s  second assumption wi th  t h e  second waveguide 
terminated i n  a matched l o a d  w i l l  be ( l + y 3 3 / y 0 ) / 2  t i m e s  t h e  
correct va lue .  The a n a l y s i s  p r e s e n t e d  h e r e  begins  wi th  t h e  
procedure o u t l i n e d  by Lyon e t  a l . ,  b u t  i n c l u d e s  t h e  a d d i t i o n a l  
o r thogona l ly  p o l a r i z e d  component. Moreover, i n s t e a d  of s epa r -  
a t i n g  t h e  e q u a t i o n s  us ing  t h e  magnet ic  f i e l d  assumption t h e  
f o u r  equa t ions  are w r i t t e n  d i r e c t l y  i n  terms of t h e i r  admi t tance  
m a t r i x ,  and t h e  s c a t t e r i n g  c o e f f i c i e n t s  are ob ta ined  by perform- 
i n g  a m a t r i x  i n v e r s i o n  and us ing  t h e  well-known r e l a t i o n s  between 
t h e  admit tance m a t r i x  and t h e  s c a t t e r i n g  m a t r i x  of an N-port 
network ( r e f .  12,.p. 1 3 ) .  I n  accordance w i t h  t h i s  o u t l i n e ,  Eq. (1) 
i s  s c a l a r l y  m u l t i p l i e d  consecu t ive ly  by z x E 1  and z x  E,, and 
Eq. ( 2 )  by z XE3 and z x fi4.  The r e s u l t i n g  equa t ions  a r e  i n t e -  
g r a t e d  ove r  t h e i r  r e s p e c t i v e  a p e r t u r e s  and reduced by or thogo-  
n a l i t y  t o  t h e  f o u r  equa t ions  b e l o w .  T h i s  procedure i s  an example 
of t h e  method of moments ( r e f .  1 4 ) .  
p = l ,  2 
( 4 )  
( 5 )  
A f t e r  expanding t h e  admi t tance  dyad, w r i t i n s  t h e  f i e l d s  i n  terms 
of t h e  modal f u n c t i o n s ,  and performing t h e  numerical  o p e r a t i o n s ,  
t h e s e  equa t ions  may b e  w r i t t e n  u s i n g  t h e  admi t tance  m a t r i x  
n o t a t i o n  
I = yv (8) 
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I 
where t h e  admi t tance  m a t r i x  c o e f f i c i e n t  sa t i s f ies  r e c i p r o c i t y  
Ymn - ynm and symmetry r e l a t i o n s  Yl1 = Y33, ~ 2 2  = ~ 4 ~ '  Y~  = ~ 1 4 ,  
Y3g = Y l $ -  With t h e s e  r e l a t i o n s ,  on ly  six parameters  nee be 
d e  i n e d  o de termine  a l l  t h e  o t h e r s .  
- 
y12 = y c Y ( o , a ; o , b )  l l B  
= Y c \Y ( o , b ; o , a )  y2 2 2 2 A  
= y c Y ( D  ,b;Dx,a) y2 4 2 2 A  y 
The parameters  YA, Y B ,  y l ,  y2, c1, and c 2  are d e f i n e d  i n  
Appendix 11. 
The admi t tance  parameters  computed i n  t h i s  manner are n o t  
s t a t i o n a r y  wi th  r e s p e c t  t o  t h e  a p e r t u r e  f i e l d ,  a l though t h e  s e l f  
admi t tances  are i d e n t i c a l  t o  t h o s e  d e r i v e d  by Lewin ( r e f .  9 )  
and, t h e r e f o r e ,  do r e p r e s e n t  t h e  f i r s t - o r d e r  s t a t i o n a r y  s o l u t i o n  
f o r  an i s o l a t e d  waveguide. Though t h i s  s e l f  admi t tance  i s  known 
t o  be a c c u r a t e  f o r  m o s t  waveguide r a d i a t o r s ,  t h e  s l o t  conduc- 
t a n c e  it p r e d i c t s  f o r  t h e  squa re  waveguides cons idered  l a t e r  i n  
t h i s  paper  i s  up t o  1 0  p e r c e n t  less t h a n  i s  p r e d i c t e d  by t h e  
more a c c u r a t e  twelve-mode s o l u t i o n  ( r e f .  1). The e r r o r  i n  power 
coupl ing  which t h i s  i n t r o d u c e s  i s  d i s c u s s e d  i n  t h e  fo l lowing  
sec t ion .  
Having t h u s  d e f i n e d  a l l  of t h e  admi t t ances ,  t h e  s c a t t e r i n g  
parameters  may be o b t a i n e d  by ma t r ix  i n v e r s i o n  us ing  t h e  e q u a t i o n  
where 
These s c a t t e r i n g  parameters  w i l l  be  t h e  i t e m s  o f  i n t e r e s t  f o r  
t h e  remainder of t h i s  paper .  
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Before p r o g r e s s i n g  t o  a d i s c u s s i o n  of t h e  d a t a ,  it i s  appro- 
p r i a t e  t o  mention several conc lus ions  e v i d e n t  from a cons ide ra -  
t i o n  of t h e  symmetry of YA and YB. The f u n c t i o n  YB = 0 whenever 
Dy o r  D, o r  bo th  are 0 .  The re fo re ,  y12 i s  i d e n t i c a l l y  ze ro ,  and 
~ 1 4  (and ,  hence,  S12 and S 1 4 )  i s  z e r o  when t h e  s l o t s  a r e  a r ranged  
i n  e i t h e r  c o l l i n e a r  o r  p a r a l l e l  f a s h i o n .  I n  a d d i t i o n ,  it can 
a l s o  be shown t h a t  Y B ( D , , ~ ; D  , b )  = Y B ( D ~ , ~ ; D , , ~ ) .  T h i s  symmetry 
w a s  used e a r l i e r  t o  r e q u i r e  That ~ 1 4  = ~ 3 2 ,  and y l 2  = y34 = 0 ,  
b u t  it a l s o  r e q u i r e s  t h a t  i f  a = b ,  t h e  c o e f f i c i e n t s  S12 and S14  
have even symmetry i n  @ about  t h e  ang le  @ = 45 degrees .  I n  
a d d i t i o n ,  a l l  parameters  have even symmetry i n  @ about  @ L= 0 ,  
@ = 9 0  deg rees  and, hence,  about  @ = 180 degrees .  For t h i s  
r eason ,  i f  a = b ,  o n l y  t h e  parameters  S1 , S 1 2 ,  S13, and S i 4  need 
be  computed i n  t h e  r e s t r i c t e d  range 0 1. < 9 0  deg rees  t o  com- 
p l e t e l y  s p e c i f y  a l l  o t h e r  coupl ing  parameters  a t  a l l  o r i e n t a t i o n s .  
THEORETICAL AND EXPERIMENTAL RESULTS 
An experiment  w a s  conducted t o  compare wi th  t h e o r e t i c a l  
r s u l t s .  A l l  d a t a  w e r e  t aken  wi th  t h e  s l o t s  mounted on a 6 - f t  
by 6 - f t  ground p l a n e  w i t h  t h e  equipment l o c a t e d  behind t h e  ground 
p lane .  Absorbinq m a t e r i a l  w a s  used t o  minimize t h e  r e f l e c t i o n s  
from t h e  w a l l s  of t h e  e n c l o s i n g  r o o m  and, i n  some cases  ( F i g u r e s  
3A and 4 ) ,  t h e  f requency  w a s  swept and t h e  d a t a  averaged whi le  
making power-coupling measurements i n  o r d e r  t o  m i n i m i z e  t h e  
e r r o r  due t o  r e f l e c t i o n s .  These measurements w e r e  r e p e a t a b l e  
t o  w i t h i n  about  0 . 5  dB. 
S i n c e  commercial dual-mode coup le r s  w e r e  used t o  measure 
both  p o l a r i z a t i o n s  of  coupl ing  a t  t h e  r e c e i v e d  waveguide, a 
t echn ique  was based upon a p r e v i o u s l y  pub l i shed  a r t i c l e  ( r e f .  151, 
and r e q u i r e d  t h a t  an  e l ec t r i c  f i e l d  probe be mounted perpendicu- 
l a r  t o  t h e  ground p l a n e  i n  o r d e r  t o  e s t a b l i s h  a known phase 
r e l a t i o n  between t h e  two s l o t s  when they  a r e  e x c i t e d  t o s e t h e r .  
When @ # 0 ,  t h e  probe i s  p l aced  midway between t h e  s l o t s  on t h e  
l i n e  j o i n i n g  t h e i r  centers and t h e  probe r ead ing  i s  n u l l  when 
t h e  s l o t s  a r e  e x c i t e d  and i n  phase.  When @ = 0 ,  t h e  e l e c t r i c  
f i e l d  component E on t h i s  c e n t e r  l i n e  i s  z e r o  because of sym- 
metry ,  and s o  t h e  probe i s  p l aced  along a p e r p e n d i c u l a r  b i s e c t o r  
of t h e  center  t o  c e n t e r  l i n e  b u t  away from t h i s  z e r o - f i e l d  p o s i -  
t i o n .  For t h i s  c o n f i g u r a t i o n ,  t h e  probe r ead ing  i s  n u l l  when 
t h e  s l o t s  a r e  e x c i t e d  wi th  e q u a l  out-of-phase s i g n a l s .  Other  
d e t a i l s  of t h e  phase-br idge c a l i b r a t i o n  are  inc luded  i n  t h e  
r e f e r e n c e .  
The phase r e f e r e n c e  f o r  t h e  o r thogona l ly  p o l a r i z e d  coupled 
s i g n a l  was o b t a i n e d  by e x c i t i n g  t h a t  waveguide and s e t t i n g  t h e  
e lec t r ica l  p a t h  l e n g t h  e q u a l  t o  t h a t  of t h e  waveguide r e c e i v i n g  
t h e  t r a n s m i t t e d  p o l a r i z a t i o n .  The r e s u l t i n g  k180-degree phase 
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ambigui ty  w a s  r e s o l v e d  t o  +360 degrees  by c o r r e l a t i o n  w i t h  t h e  
t h e o r e t i c a l  r e s u l t s .  Coupled phases  could  have been measured 
by t h i s  t echn ique  t o  an accuracy  of about  k 4  deg rees ,  i f  a l l  
e x t e r n a l  r e f l e c t i o n s  w e r e  e l i m i n a t e d ,  t h e  a c t u a l  phase error i n  
t h e  presence  of r e f l e c t i o n s  w a s  about  k 1 0  degrees .  
F i g u r e  2 shows t h e  ampl i tude  and phase of t h e  measured 
coupl ing  and compares t h i s  w i t h  r e s u l t s  computed u s i n g  b o t h  t h e  
f i r s t - o r d e r  t h e o r y  and a m o r e  a c c u r a t e  nine-mode s o l u t i o n  
( r e f .  1). The t w o  computed v a l u e s  of power coup l ing  are n e a r l y  
t h e  same f o r  t h e  l o w e r  f r e q u e n c i e s ,  b u t  as t h e  f requency  i s  
i n c r e a s e d ,  t h e  f i r s t - o r d e r  s o l u t i o n  p r e d i c t s  somewhat less power 
coup l ing  t h a n  e i t h e r  t h a t  observed o r  computed u s i n g  t h e  h i g h e r  
o r d e r  mode s o l u t i o n .  Th i s  d e v i a t i o n  was g r e a t e s t  f o r  t h e  closest 
spaced s l o t s  f o r  which t h e  h i g h e r  o r d e r  mode coupl ing  cu rve  devi -  
a t e d  q u i t e  v i s i b l y  f r o m  a s t r a i g h t  l i n e .  T h i s  d e v i a t i o n  has  been 
shown ( re f .  2 )  t o  be due t o  t h e  i n c r e a s e d  ampli tude of h i g h e r  
o r d e r  modes i n  t h e  a p e r t u r e  f i e l d .  The measured phase of t h e  
coupled s i g n a l  shown i n  F i g u r e  2 B  f o l l o w s  t h e  nine-mode s o l u t i o n  
very  c l o s e l y .  The f i r s t - o r d e r  s o l u t i o n  p r e d i c t s  t h e  phase  t o  
an accuracy  of about  1 0  degrees  excep t  f o r  t h e  s l o t s  which are 
ve ry  c l o s e l y  spaced.  
F i g u r e s  3 and 4 show t h e  v a r i a t i o n  of  power coupl ing  ana 
phase wi th  frequency f o r  square  waveguides wi th  several d i f f e r e n t  
v a l u e s  of C p .  These d a t a  a r e  compared wi th  exper imenta l  r e s u l t s  
ove r  o n l y  a l i m i t e d  frequency range  (8 .5-9 .7  G H z )  because of t h e  
band-pass range  of t h e  dual-mode c o u p l e r s .  The measured coupl ing  
w a s  always w i t h i n  about  1 .5  dB of t h e  t h e o r e t i c a l  d a t a  and exhi -  
b i t e d  a n e a r l y  i d e n t i c a l  v a r i a t i o n .  I n  o r d e r  t o  de te rmine  how 
much of t h i s  e r ror  w a s  due t o  u s i n g  t h e  f i r s t - o r d e r  s e l f  admit- 
t a n c e ,  t h e  t h e o r e t i c a l  r e s u l t s  w e r e  recomputed u s i n g  a h i g h e r  
o r d e r  (12-mode) s e l f - a d m i t t a n c e .  These r e s u l t s  are shown by t h e  
d o t t e d  l i n e  i n  F i g u r e  3. The coupl ing  computed by t h i s  improved 
f i r s t - o r d e r  t heo ry  ag rees  t o  w i t h i n  about  1 dB wi th  t h e  measured 
d a t a ,  and t h i s  i s  n e a r l y  e q u a l  t o  t h e  a b s o l u t e  accuracy of t h e  
measuring system. The phases  of t h e  coupled s i g n a l s  are shown 
i n  F i g u r e s  3B and 4 .  Unfo r tuna te ly ,  t h e  phase of  S 1 3  w a s  so 
n e a r l y  c o n s t a n t  between Cp = 4 5  and 9 0  d e q r e e s ,  as was t h e  phase 
of S i 4  f o r  Cp between 30  and 6 0  d e g r e e s ,  t h a t  t h e s e  phase chanqes 
wi th  t h e  ang le  Cp could n o t  be d e t e c t e d  expe r imen ta l ly .  The theo-  
r e t i ca l  cu rves  ref lect  t h e  same c h a r a c t e r i s t i c s .  
These comparisons show t h a t  t h i s  s imple  t h e o r e t i c a l  t r ea t -  
F i g u r e  5 shows t h e  dependence of S12, S13, and 
m e n t  can y i e l d  ve ry  good q u a n t i t a t i v e  in fo rma t ion  about  mutual 
coupl ing .  
S i 4  w i th  p o s i t i o n  ang le  Cp f o r  v a r i o u s  s l o t  s e p a r a t i o n s  wi th  
a/A = b/X = 0 . 6 .  Th i s  curve w a s  computed us ing  t h e  improved 
f i r s t - o r d e r  s o l u t i o n .  The c o e f f i c i e n t  S 1 1  undergoes l i t t l e  change 
as t h e s e  parameters  are v a r i e d ,  and s o  i s  n o t  p l o t t e d .  I t s  v a l u e  
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i s  about  0 . 1 4 6  - j 0 . 0 2 0 .  A s  Ro/X i s  changed i n  F i g u r e  5 A ,  t h e  
coupl ing  ampl i tude  15131 
than  a t  4 = 9 0  deg rees .  T h i s  i s  so because t h i s  ampli tude v a r i e s  
a s y m p t o t i c a l l y  as l / R g  when Cp = 0 and as l / R o  when Cp = 9 0  degrees .  
F igu re  5A shows, however, t h a t  f o r  r e l a t i v e l y  close waveguide 
spac ings  t h e  minimum coupl ing  occur s  a t  an a n g l e  between Cp = 0 
degree and 4 = 9 0  deg rees ,  and as t h e  spac ing  i s  i n c r e a s e d  t h i s  
minimum moves closer t o  i t s  asymptot ic  l i m i t  Cp = 0 degree .  Th i s  
coup l ing  v a r i a t i o n  w i t h  Cp i s  t h e r e f o r e  a n e a r  f i e l d  e f f e c t  and 
so any a t t empt  t o  d e s c r i b e  t h e  s c a t t e r i n g  parameter  SI a s  t h e  
p roduc t  of an ang le  v a r i a b l e  and a space v a r i a b l e  would f a i l  t o  
d e s c r i b e  i t  completely.  
t h e  ampli tude of coupl ing  i n t o  t h e  o r thogona l  p o r t  I S 1 4 1  i s  
l a r g e r  t han  I S 1 3 1  f o r  s o m e  ang le s  of @. There fo re ,  t h i s  t e r m  
must be cons ide red  when t h e  waveguide geometry i s  such t h a t  t h i s  
mode can propagate .  The c o e f f i c i e n t  I S 1 3 1  i s  a l so  shown i n  t h i s  
f i g u r e  and behaves e s s e n t i a l l y  l i k e  I S 1 4 f  a s  Cp i s  v a r i e d ,  though 
it i s  about  a n  o r d e r  of magnitude s m a l l e r .  B o t h  ISl2[ and /S141 
a r e  symmetric about  Cp = 45 degrees .  
a t  Cp = 0 degree  varies much f a s t e r  t h a n  
The second impor tan t  f e a t u r e  e v i d e n t  i n  F i g u r e  5 A  i s  t h a t  
F i g u r e  5B shows v a r i a t i o n  i n  phase of S 1 2 ,  S 1 3 ,  and S i 4  a s  
t h e  waveguide ang le  Cp i s  v a r i e d .  Of p a r t i c u l a r  i n t e r e s t  i n  these 
cu rves  i s  t h e  n e a r l y  c o n s t a n t  phase change between curves  of 
c o n s t a n t  Ro/X, i n d i c a t i n g  t h e  expec ted  phase d e l a y  wi th  d i s t a n c e .  
The phase change i n  S i 2  i s  about  double t h a t  of S i 3  o r  S i 4  f o r  
t h e  same change i n  Ro/X, t h u s  emphasizing t h a t  S 1 2  does n o t  a r i s e  
a t .  t h e  f a c e  of waveguide N o .  1 i t s e l f  b u t  i s  due t o  t h e  round 
t r i p  coupl ing  from waveguide No. 1 t o  waveguide No. 2 and then  
back aga in .  
CONCLUSION AND COMMENTS ABOUT APPROXIMATE S O L U T I O N S  
T h i s  s tudy  has  shown t h a t  t h e  f i r s t - o r d e r  o r  improved f i r s t -  
o r d e r  mutual  coupl ing  approximations can be u s e d  t o  provide  an 
a c c u r a t e  and convenient  fo rmula t ion  fo r  t h e  f o u r - p o r t  s c a t t e r i n g  
parameters  of two a r b i t r a r i l y  l o c a t e d  waveguides r a d i a t i n g  through 
a ground p lane .  T h i s  model has  a l s o  shown t h a t  t h e  c r o s s - p o l a r i z e d  
component of t h e  coupled s i g n a l  i s  of t h e  same o r d e r  o r  magnitude 
a s  t h e  coupled s i g n a l  having t h e  t r a n s m i t t e d  p o l a r i z a t i o n  f o r  
c e r t a i n  s l o t  o r i e n t a t i o n s .  
Should a h i g h e r  o r d e r  s o l u t i o n  f o r  t h e  mutual coupl ing  param- 
e ters  be r e q u i r e d ,  some a d d i t i o n a l  evidence uncovered i n  t h i s  
s tudy  w i l l  h e l p  i n  s i m p l i f y i n g  t h e  a n a l y s i s  by avo id ing  t h e  need 
of s o l v i n g  t h e  f u l l - v e c t o r  d i f f r a c t i o n  probelm. I n s t e a d  of com- 
p u t i n g  t h e  fou r -po r t  s c a t t e r i n g  m a t r i x ,  S13 was computed assuming 
t h a t  on ly  t h e  two p o r t s  (1) and ( 3 )  w e r e  coupled,  and then  S i 4  
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i s  computed assuming t h a t  on ly  p o r t s  (1) and ( 4 )  w e r e  coupled. 
The coupl ing  between p o r t s  ( 2 )  and ( 3 )  o r  ( 4 )  w a s  computed i n  
t h e  s a m e  manner us ing  t h e  fo l lowing  equa t ion  d e r i v e d  from Eq .  (10) 
f o r  t h e s e  approximate cases: 
T h i s  approximation cannot  be used t o  compute t h e  second- 
o r d e r  c r o s s - p o l a r i z e d  terms S 1 2  and S34 because y12 and y34  are 
zero .  The o t h e r  coupl ing  parameters  computed i n  t h i s  manner 
d i f f e r  so l i t t l e  from t h o s e  computed us ing  t h e  f u l l  f o u r - p o r t  
ami t tance  m a t r i x  t h a t  t h e y  could n o t  be d i s t i n g u i s h e d  i n  t h e  
accompanying cu rves .  The s a m e  two-port model can be used t o  
compute t h e  r e f l e c t i o n  c o e f f i c i e n t s  S,, presen ted  a t  each junc-  
t i o n ,  b u t  h e r e  it must be remembered t h a t  each of t h e  two-port  
c a l c u l a t i o n s  c o n t a i n s  t h e  se l f - admi t t ance  t e r m  and so one must 
s u b t r a c t  
(1 - Y m )  
(1 + Ymm) 
- 
s" I s o l a t e d  I 
from t h e  sum of t h e  two S,, c a l c u l a t i o n s  computed us ing  t h e  
two-port  networks.  
These approximate r e s u l t s  a r e  v a l i d  because t h e  second-order 
o r thogona l  mode coupl ing  c o e f f i c i e n t s  (S12  and S 3 4 )  a r e  very  
sma l l .  S ince  t h e y  a r e  n o t  a r e s u l t  of t h e  coupl ing  model used 
h e r e ,  it s e e m s  l i k e l y  t h a t  a s i m i l a r  approximation can be used 
i n  t h e  d e r i v a t i o n  of  coupl ing  formulas  i f  h i g h e r  o r d e r  mode 
s o l u t i o n s  are d e s i r e d .  
Concerning t h e  need f o r  h i g h e r  o r d e r  approximations,  t h e  
d a t a  p r e s e n t e d  i n  t h i s  paper  show t h a t  t h e  formula t ion  used h e r e  
should s u f f i c e  t o  compute t h e  parameters  of most phased a r r a y s .  
Whether it w i l l  s u f f i c e  t o  d e s c r i b e  t h e  anomalous behavior  which 
has  been r e c e n t l y  r e p o r t e d  must be  determined by f u r t h e r  s tudy .  
E l e c t r o n i c s  Research Center  
Na t iona l  Aeronaut ics  and Space Adminis t ra t ion  
Cambridge, Massachuse t t s ,  December 1 9 6 8  
125-21-02-49 
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APPENDIX I 
Throughout t h i s  pape r ,  t w o  o r thogona l  modes (Hlo and Hal) 
are used t o  d e s c r i b e  t h e  f i e l d s  i n  each waveguide. The f i e l d  
expansion used i s  t h a t  of  Marcuvi ty  (ref.  9 ,  Ch. 1 - 2 ) .  The 
s u b s c r i p t  n o t a t i o n  i s  
Waveguide N o .  1: 
Waveguide N o .  2 :  
The H mode f u n c t i o n s  si a r e  d e f i n e d  by: 
where 
A I\ 
= z x e  i and si = z x V t Y i  
I 
I: 
and 
- 2 a  - -  
s i n  - a 
20 
The f i e l d s  i n  free space  a r e  expanded i n  t e r m s  of t h e  free- 
space  Dyadic Greens  f u n c t i o n  ro us ing  t h e  fo l lowing  re la t ions :  
J v G ( F , F ' )  x ( z ^ x  E )dS '  - -  E ( r )  = 2 
p=1,2 s P 
P 
where 
and 
The admi t tance  dyad i s  d e f i n e d  below: 
2 1  
I 
A P P E N D I X  I1 
The c o n s t a n t s  c1 and c 2  are d imens ion le s s  and d e f i n e d  below. 
The c h a r a c t e r i s t i c  admi t tances  f o r  t h e  var ious model waveguides 
are a l s o  d e f i n e d  below. 
The parameters  '?A and YB are a l so  d imens ionless :  
dx' Jb/Zh dy ' 
-b/2X 
a/2 X b/2X a /2  X 
Ja /2h  dx I b / 2 h  dy l a / 2 h  
YA(Dx,a;D , b )  = 
Y 
T X  cos  - a a 
a / 2  X b/2A a/2X b/2X 
1 a / 2 h  dx Lb /2h  dy I a / 2 h  dx '  Jb/2A 
dY YB(Dx,a;D ,b )  = Y 
2 Tx a cos - cos - a b x a y  b 
2 2  
. . . . . 
I I I . 111 
where 
and 
- &+ x'-x)2+@+yt-y)2 . 
These basic integrals may be simplified somewhat by integrating 
them by parts and using trigonometric identities. After consi- 
derable manipulation, they may be written in the forms shown 
be low : 
where 
and 
2 
fA(T,a) = T[-u(~ r - a / 2 h )  -v] (a- h/2X)GA 
2 
Tr + T[u(~ - a/2X) + VI ( o +  b/2X)GB 
2 
T + -z - [ -u(~  +a/2X) - V I  (a- b/2X)GC 
2 
+ % [ u ( T +  a/2X) + VI (a+ b/2A)GD 
fB (T ,a) = COS a / ~  TrT COS bx[GA- no  GB - GC + GD] 
23 
I 
O t h e r  p a r a m e t e r s  are def ined  b e l o w :  
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